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Abstract It is known that the so-called rotation minimizing (RM) frames
allow for a simple and elegant characterization of geodesic spherical curves in
Euclidean, hyperbolic, and spherical spaces through a certain linear equation
involving the coefficients that dictate the RM frame motion [L.C.B. da Silva
and J.D. da Silva, Mediterr. J. Math. 15, 70 (2018)]. Here, we shall prove the
converse, i.e., we show that if all geodesic spherical curves on a Riemannian
manifold are characterized by a certain linear equation, then all the geodesic
spheres with a sufficiently small radius are totally umbilical and, consequently,
the given manifold has constant sectional curvature. We also furnish two other
characterizations in terms of (i) an inequality involving the mean curvature
of a geodesic sphere and the curvature function of their curves and (ii) the
vanishing of the total torsion of closed spherical curves in the case of three-
dimensional manifolds. Finally, we also show that the same results are valid
for semi-Riemannian manifolds of constant sectional curvature.
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1 Introduction
The study of (geodesic) spheres plays a fundamental role in the theory of Rie-
mannian manifolds due to their simplicity and remarkable properties. Amaz-
ingly, in some contexts the behavior of spheres suffices to describe the geometry
of the ambient manifold as a whole. More precisely, it is known to be possible
to characterize space forms, i.e., Riemannian manifolds with constant sectional
curvature, in terms of their geodesic spheres. Indeed, we can mention the char-
acterizations of space forms by employing the geodesics [1], the mean curvature
and volume function [5], or the umbilicity [18] of geodesic spheres. The main
goal of this work is to add new items to this list by investigating the behavior
of geodesic spherical curves with the help of the so-called rotation minimizing
(RM) frames. (Concerning the geometry of curves, we may also mention the
characterization of space forms in terms of the validity of the Frenet theorem
[4], i.e., the 1-1 correspondence between curves and curvature/torsion up to
isometries.)
The characterization of spherical curves in Euclidean space is a relatively
well known subject. On the other hand, in a recent work [7], the present au-
thors went beyond the Euclidean space and were able to characterize geodesic
spherical curves in Hm+1(r) and Sm+1(r): any spherical curve α in one of these
spaces is associated with an equation of the form
m∑
i=1
aiκi(s)− λ = 0, (1)
where a1, . . . , am are constants, κ1, . . . , κm are the curvatures with respect to
a rotation minimizing frame {t,n1, . . . ,nm} along α(s), and λ is a constant
whose value depends on the radii of the geodesic sphere and ambient space.
A fundamental step in the proof of Eq. (1) consisted in the observation
that, along α, the unit normal ξ of a geodesic sphere G(p,R) can be written as
ξ(s) =
∑m
i=1 aini(s), ai constant, and in addition that ξ(s) minimizes rotation
along α, i.e., ∇α′ξ is a multiple of α
′ (see Corollary 1 of Ref. [7]). In this work,
we add the important observation that the quantity λ above could be identified
with the mean curvature H of the geodesic sphere (see Theorems 1 and 2).
This follows from the equality ∇α′ξ = −λα
′ for every spherical curve α, which
means that all principal curvatures are equal and, then, H = λ. In addition,
this reasoning provides an alternative proof, in terms of RM frames, for the
well known result
Theorem A Every geodesic sphere in Rm+1, Hm+1(r), and Sm+1(r), is a
totally umbilical hypersurface.
The reader may consult [17], or [18], for proofs of the above theorem via
other techniques. (When Hm+1(r) and Sm+1(r) are modeled as hyperspheres
in Euclidean and Lorentzian spaces, respectively, their geodesic spheres can
be fully described through intersections with hyperplanes: see, e.g., Figs. 1(b)
and 1(c) of [7].) We remark that the converse of Theorem A is also valid:
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Theorem B (Kulkarni, Vanhecke, Willmore, and Chen [12,18,5]) Let
Mm+1 be an (m + 1)-dimensional connected Riemannian manifold (m ≥ 2).
Then, Mm+1 is a space form if, and only if, every sufficiently small geodesic
sphere in Mm+1 is totally umbilical.
Notice that in general we have to restrict ourselves to work with sufficiently
small radii because out of the injectivity radius geodesic spheres may fail to
be properly defined or to be a smooth hypersurface. On the other hand, for
R
m+1, Hm+1(r), and Sm+1(r) no restriction has to be imposed at all since the
exponential map in such ambient spaces is always globally defined.
Now, taking into account that, according to the sign of the sectional cur-
vature, every space form is locally isometric to Hm+1(r), Rm+1, or Sm+1(r)
[17], the Theorems A and B above suggest the following problem:
Main Problem: Assume that every curve on a geodesic sphere G(p,R) of
a connected manifold Mm+1 satisfies Eq. (1), with λ = H the mean curvature
of G and R sufficiently small. Does Mm+1 have constant sectional curvature?
In this work we shall prove that the Main Problem is answered in the af-
firmative. The strategy consists in first showing that: (i) the unit normal of
a hypersurface Σm ⊂ Mm+1 along a curve α : I → Σ minimizes rotation if,
and only if, α satisfies Eq. (1) with λ = H the mean curvature of Σ; and (ii)
a submanifold Σm ⊂Mm+1 is totally umbilical if, and only if, condition (i) is
valid for every curve α : I → Σ. These two results together give a characteri-
zation of Riemannian space forms, in terms of spherical curves, as a corollary
of Theorem B. In addition, we also show the possibility of characterizing Rie-
mannian space forms via the total torsion of closed spherical curves and also
in terms of an inequality involving the curvature function of a curve and the
mean curvature of the hypersurface where the curve lies. Finally, we show that
these same results can be extended to semi-Riemannian geometry.
The remainder of this work is divided as follows. In Sect. 2 we present
some background material. In Sect. 3 we characterize totally umbilical hyper-
surfaces via the concept of RM frames, provide a new proof for Theorem B
above, and characterize Riemannian space forms using their spherical curves.
In the two following sections, we provide characterizations of totally umbilical
hypersurfaces and space forms via an inequality involving the mean curvature
of a hypersurface and the curvature function of their curves (Sect. 4) and via
the total torsion of closed spherical curves in the 3-dimensional case (Sect. 5).
Finally, in Sect. 6, we discuss the extension of the results presented in Sections
3 and 4 to the semi-Riemannian setting.
2 Differential geometric background
Let Mm+1 be an (m + 1)-dimensional Riemannian manifold of class at least
C3 with metric 〈·, ·〉, Levi–Civita connection ∇, and Riemann curvature tensor
R(X,Y )Z = ∇Y∇XZ −∇X∇Y Z +∇[X,Y ]Z, (2)
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where X,Y , and Z are tangent vector fields inM . In addition, if X,Y ∈ TpM ,
the sectional curvature of span{X,Y } ⊂ TpM at p is
Kp(X,Y ) =
〈R(X,Y )X,Y 〉p
〈X,X〉p〈Y, Y 〉p − 〈X,Y 〉2p
. (3)
We say that M is a space form if it has constant sectional curvature K. In ad-
dition, M is locally isometric to a sphere Sm+1(r) if K = r−2, to an Euclidean
space Em+1 if K = 0, and to a hyperbolic space Hm+1(r) if K = −r−2 [8,17].
A Ck curve α : I →Mm+1 is regular if t(s) = α′(s) 6= 0, where s denotes
arc-length parameter, i.e., 〈t(s), t(s)〉 = 1. Usually, we equip a regular curve
with the well know Frenet frame. However, as shown by Bishop in the 1970s [3],
we can also consider another type of an orthonormal moving frame with many
useful geometric properties. We say that a unit vector field x ∈ X(M) normal
to α is a Rotation Minimizing (RM) vector field along α : I →Mm+1 if∇t x =
λ t for some function λ, where X(M) denotes the module of tangent vector
fields of M . (This concept corresponds to a parallel transport with respect to
the normal connection of the curve α [9].) Thus, we say that {t,n1, . . . ,nm}
is an RM frame along α if each normal vector field ni is RM. (The basic idea
here is that ni rotates only the necessary amount to remain normal to t = α
′.)
The equations of motion are then given by
∇t t = κ1n1 + · · ·+ κmnm and ∇t ni = −κit, i = 1, . . . ,m. (4)
Example 1 Let α : I → M be a geodesic. Given a unit vector x0 normal to
t(s0), let x be the parallel transport of x0 along α. Since parallel transport
preserves angles, x is a normal vector field along α and, in addition, since
∇t x = 0, x minimizes rotation. In short, any orthonormal and parallel trans-
ported frame along a geodesic is RM. This also shows that, contrarily to the
Frenet frame, an RM frame can be defined even if the curvature κ = ‖∇t t‖
of a curve α vanishes. (It is worth mentioning that RM frames are uniquely
defined only up to a rotation on the hyperplane normal to the curve [3].) ⊓⊔
Rotation minimizing frames are particularly useful in the characterization
of spherical curves. Indeed, Bishop showed that an Euclidean curve is spherical
if, and only if, there exist constants a1, . . . , am such that
∑m
i=1 aiκi(s) = 1 [3].
(Bishop’s equation can be rewritten in a more convenient form if we normalize
the constants ai by the radius of the sphere: the new constants can be then
interpreted as the coordinates of the unit normal with respect to the basis
{ni}
m
i=1, while the linear coefficient is the mean curvature, see Eq. (1).) The
same characterization for spherical curves was recently extended to hyperbolic
spaces and spheres [7]. Here we shall prove this is in fact a characteristic feature
of totally umbilical hypersurfaces.
The exponential map at p ∈M in the direction of a unit vector V ∈ TpM is
expp(uV ) = βV (u), where u is sufficiently small and βV is the unique geodesic
with initial conditions βV (0) = p and β
′
V (0) = V . The exponential map defines
a diffeomorphism of a neighborhood of 0 ∈ TpM into a neighborhood of p ∈M .
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For a sufficiently small R > 0, we may define in M the geodesic sphere with
center p and radius R as the submanifold G(p,R) = expp(S
m(R)), where
S
m(R) = {RV ∈ TpM : ‖V ‖ = 1}. (G(p,R) is a smooth submanifold for
R sufficiently small.) A natural choice for the unit normal ξ of G(p,R) at
q = βV (R) is the vector ξ(q) = β
′
V (R), i.e., the tangent at u = R of the radial
geodesic emanating from p. In the next section, we shall prove that ξ is RM
if, and only if, M is a space form (see Theorems 1 and 3).
Let Σm ⊂ Mm+1 be an orientable hypersurface with unit normal ξ. The
shape operator of Σ is defined by
Sp(X) = −(∇Xξ)(p). (5)
Since Sp is symmetric with respect to 〈·, ·〉, in general, Sp has m eigenvalues
λ1, . . . , λm, known as the principal curvatures. A point p ∈ Σ
m is umbilical if
every unit vector X ∈ TpΣ
m is an eigenvector of the shape operator Sp. When
every point ofΣm is umbilical,Σm is said to be a totally umbilical hypersurface.
A curve α : I → Σm is a line of curvature if for every s ∈ I, the tangent α′(s) is
a principal direction, i.e., the normal curvature κn = 〈∇α′ α
′, ξ〉 = 〈S(α′), α′〉
is an eigenvalue of S along the points of α. The mean curvature of Σm at the
point p is then defined as H = 1
m
(λ1 + · · ·+ λm).
3 Rotation minimizing frames and Riemannian space forms
The characterization of spherical curves presented in Ref. [7] has to do with the
fact that geodesic spheres in those spaces are totally umbilical. Indeed, here we
establish a characterization of totally umbilical hypersurfaces in terms of RM
frames and, when restricted to geodesic spheres, it allows for a characterization
of space forms. First, we shall characterize lines of curvature.
Lemma 1 Let α : I → Σm be a C2 regular curve in an orientable hypersurface
Σm ⊂Mm+1 with unit normal ξ. The following conditions are equivalent
1. ξ is a rotation minimizing vector field along α;
2. α is a line of curvature;
3. if we write ξ(α(s)) =
∑m
i=1 aini(s) along α, then
m∑
i=1
aiκi(s) = κn(α(s)) and a1, . . . , am are constants, (6)
where κn denotes the normal curvature and κi the i-th curvature associated
with a given rotation minimizing frame {α′,n1, ...,nm} along α(s).
Proof (1⇔ 2) The unit normal ξ of Σ is RM along α if and only if
Sα(s)(α
′(s)) = −(∇α′ ξ)(α(s)) = λ(s)α
′(s). (7)
Then, we conclude that α′(s) is an eigenvector of S for every s if and only
if ξ is RM along α. In addition, λ(s) is precisely the normal curvature in the
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direction of α′(s), which is then a principal curvature. In short, ξ is RM along
α if and only if α is a line of curvature.
(2⇒ 3) Let {α′,n1, ...,nm} be an RM frame along α. Since 〈α
′, ξ〉 = 0, we
have ξ =
∑m
i=1 aini along α. Furthermore, taking the derivative of 〈α
′, ξ〉 = 0,
and using ∇α′ξ = −κnα
′, gives
0 = 〈∇α′α
′, ξ〉+ 〈α′,∇α′ξ〉
= 〈
∑
i
κini,
∑
j
ajnj〉 − κn =
m∑
i=1
aiκi − κn. (8)
Now, taking the derivative of ai = 〈ξ,ni〉 gives
a′i = 〈∇α′ξ,ni〉+ 〈ξ,∇α′ni〉 = −κn〈α
′,ni〉 − κi〈ξ, α
′〉 = 0 (9)
and, therefore, the coefficients a1, . . . , am are constants.
(3 ⇒ 2) Let Eq. (6) be valid. The unit normal along α is then written as
ξ(s) =
∑
i aini(s). Taking the derivative gives
∇α′ξ =
m∑
i=1
ai∇α′ni =
(
−
m∑
i=1
aiκi
)
α′ = −κnα
′ (10)
and, thus, ξ is RM along α : I → Σm and α′ is a principal direction. ⊓⊔
Theorem 1 An orientable hypersurface Σm ⊂ Mm+1 is totally umbilical if
and only if its unit normal ξ minimizes rotation along any regular curve α :
I → Σ. In addition, Eq. (6), which is satisfied by every curve in Σ, is rewritten
as
m∑
i=1
aiκi(s) = H(α(s)), (11)
where H is the mean curvature of Σ.
Proof The total umbilicity means that every tangent vector is an eigenvector
of S(X) = −∇Xξ, i.e., every curve is a line of curvature. Consequently, the
normal curvature κn(q,X) only depends on q and not on X , and then
H(q) =
1
m
m∑
i=1
κn(q) = κn(q). (12)
The desired result then follows from Lemma 1. ⊓⊔
We now apply the concept of minimizing rotation to provide a simple
proof for Theorem B which, to the best of our knowledge, was first proved by
Kulkarni [12]. (See also [5] and [18] for alternative demonstrations.)
Theorem 2 Let Mm+1 be a connected Riemannian manifold (m ≥ 2). Then,
Mm+1 is a space form if, and only if, every sufficiently small geodesic sphere
in Mm+1 is totally umbilical.
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Proof Assume all sufficiently small geodesic spheres inM are totally umbilical
or, equivalently, that the unit normal is RM along any geodesic spherical curve.
Given unit vectors Xq, Yq ∈ TqM at q, we can choose p ∈M sufficiently close
to q such that the geodesic sphere G(p,R) passing at q is tangent to Xq
and normal to Yq. Notice that there exists a unit speed curve V : (−ε, ε) →
S
m(1) ⊂ TpM such that the 2-surface f(u, s) = expp(uV (s)) leads to
q = f(R, 0),
∂f
∂s
(R, 0) = Xq, and
∂f
∂u
(R, 0) = Yq. (13)
We may extend Xq and Yq to X = ∂/∂s and Y = ∂/∂u, respectively. Then
∇Y Y = 0 and, in addition, [X,Y ] = 0, which implies ∇XY = ∇YX . From
the umbilicity condition, i.e., ∇XY = −λX , it follows
R(Y,X)Y = ∇X∇Y Y −∇Y∇XY +∇[Y,X]Y
= ∇Y (λX) =
(
∂λ
∂u
− λ2
)
X. (14)
The sectional curvature in the direction of span{Xq, Yq} at q is then given by
Kq(X,Y ) =
〈R(Y,X)Y,X〉
〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2
=
(
∂λ
∂u
− λ2
) ∣∣∣
u=R
, (15)
which only depends on q. Therefore, from the arbitrariness in the choice of
Xq, Yq, the sectional curvatureK is a function of the base point only and, then,
M is an isotropic manifold. Finally, by the Schur theorem [8], the sectional
curvature should be a constant.
Conversely, let M be a space form. Since the proportionality between X
and ∇Xξ does not change under isometries and any space form M is locally
isometric to Hm+1(r), Rm+1, or Sm+1(r) [8,17], we may restrict ourselves to
this particular context. Now, using that the unit normal ξ along a spherical
curve α(s) = expp(uV (cs)) may be written as ξ(s) =
∂
∂u
expp(uV (cs))|u=R,
for some convenient unit speed curve V : I → Sm(1) ⊂ TpM and constant c,
it follows from Corollary 1 of Ref. [7] that ξ is RM along any spherical curve
and, consequently, from Theorem 1 we conclude that all geodesic spheres in
H
m+1(r), Rm+1, and Sm+1(r) are totally umbilical. ⊓⊔
Since Riemannian space forms are characterized by the property that every
geodesic sphere is totally umbilical, our main result follows as a corollary of
Theorems 1 and 2.
Theorem 3 Let Mm+1 be a connected Riemannian manifold (m ≥ 2). Then,
M is a space form if, and only if, for every regular C2 curve α on a geodesic
sphere, with sufficiently small radius, there exist constants ai such that
m∑
i=1
aiκi(s) = H(s), ξ =
m∑
i=1
ai ni, (16)
where H is the mean curvature of the geodesic sphere which contains α, κi are
the curvatures associated with a rotation minimizing frame {t,n1, . . . ,nm}
along α, and ξ is a unit vector field normal to the geodesic sphere.
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Remark 1 In [7] it was shown that Frenet frames can be used to characterize
geodesic spherical curves in Sm+1(r) and Hm+1(r): e.g., a C4 regular curve
α : I → S3(r), or H3(r), lies on a sphere if, and only if, ( 1
τ
( 1
κ
)′)′ + τ
κ
= 0,
where κ and τ denote the curvature and torsion, respectively. (Theorem 4
of [7].) A Frenet frame {α′,n,b} can be also used to investigate RM unit
normals. Indeed, if Σ2 ⊂ M3 is totally umbilical, its normal ξ is RM along
any α : I → Σ2, i.e., −∇α′ξ = λα
′. Writing ξ(s) = c1(s)n(s) + c2(s)b(s) gives
∇α′ξ = c
′
1n+ c
′
2b+ c1∇α′n+ c2∇α′b (17)
−λα′ = −c1κα
′ + (c′1 − τc2)n+ (c
′
2 + τc1)b. (18)
We then conclude that c1 = λ/κ, c
′
1 = c2τ , and c
′
2 = −τc1, which lead to
d
ds
[
1
τ
d
ds
(
λ
κ
)]
+ τ
λ
κ
= 0. (19)
Conversely, if Eq. (19) is valid, then ξ = λ
κ
n+ 1
τ
(λ
κ
)′ b satisfies ∇α′ξ = −λα
′,
and also dds 〈ξ, ξ〉 =
d
ds{(
λ
κ
)2+[ 1
τ
(λ
κ
)′]2} = 0. Thus, the normal to Σ is RM along
all α in Σ. Note that geodesic spheres on a space form are totally umbilical
and, in addition, they have constant mean curvature [17]. In such cases, λ is
a constant and can be canceled out in Eq. (19), as in Theorem 4 of [7].
4 Curvature of geodesic spherical curves
We now present a characterization of Riemannian space forms based on an
inequality involving the curvature κ = ‖∇α′α
′‖ of α : I → Σm ⊂ Mm+1 and
the mean curvature H of Σm.
In [2] Baek et al. proved that it is possible to characterize Euclidean spheres
in terms of the curvature function of spherical curves:
Theorem C (Baek, Kim, and Kim [2]) Let r > 0 be a constant and
Σm ⊂ Rm+1 be a closed hypersurface such that for every C2 regular curve
α : I → Σm it is valid
κ ≥
1
r
, (20)
where κ is the curvature function of α in Rm+1 and equality holds for geodesics
only. Then, Σm is a sphere of radius r.
This result has to do with the fact that spheres in Euclidean space are
totally umbilical. (By letting r → ∞ we can include planes in the criterion
above.) A crucial observation to extend this theorem to Riemannian manifolds
is that 1/r may be replaced by the mean curvature of Σm ⊂Mm+1. Indeed,
Theorem 4 Let Σm ⊂ Mm+1 be an orientable hypersurface. Then, Σm is
totally umbilical if, and only if, for every regular C2 curve α : I → Σm it is
valid the inequality
κ(s) ≥ |H(α(s))|, (21)
where H is the mean curvature of Σm and κ is the curvature function of α in
Mm+1. In addition, equality only holds when α is a geodesic.
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Proof Any regular curve α(s) in Σm leads to
κ2 = κ2g + κ
2
n, (22)
where κg and κn are the geodesic and normal curvatures of α inΣ, respectively.
If Σ is totally umbilical, then H(p) = κn(p), since κn is a function of
p ∈ Σ only. Substituting this in the equation above gives κ2 ≥ H2 and, then,
κ ≥ |H |. In addition, κ2 = H2 ⇔ κg ≡ 0⇔ α : I → Σ is a geodesic.
Conversely, let λ1, . . . , λm be the principal curvatures of Σ at p and αi be
the geodesic tangent to the i-th principal direction at p, i.e., κn(p, α
′
i(0)) = λi,
αi(0) = p. It follows from the hypothesis, and from Eq. (22), that ∀ i ∈
{1, . . . ,m}, H(p)2 = λ2i . Since H is the arithmetic mean of the λi’s, the prin-
cipal curvatures are all equal and, consequently, Σ is totally umbilical. ⊓⊔
Now, applying Theorems 2 and 4 to geodesic spheres, we have another
characterization of space forms.
Theorem 5 Let Mm+1 (m ≥ 2) be a connected Riemannian manifold. Then,
Mm+1 is a space form if, and only if, every curve on a geodesic sphere of
sufficiently small radius satisfies Eq. (21), with equality valid for geodesics
only.
5 Total torsion of closed geodesic spherical curves
We shall now restrict ourselves to 3-dimensional manifolds and define the total
torsion, T , of a C3 regular curve α : I →M3 as the integral T =
∫ b
a
τ(s)ds. It
is known that the total torsion T of any closed spherical curve in Euclidean
space vanishes (the same is trivially true for plane curves). Conversely, if
the total torsion of every closed curve on a surface Σ2 ⊂ R3 vanishes, than
Σ is a plane or a sphere [16], see also [10]. In other words, vanishing total
torsion characterizes totally umbilical surfaces in R3, i.e., spheres and planes.
Recently, the investigation of the total torsion of closed curves on a totally
umbilical surface were extended to Riemannian space forms [15]. (Notice that
Pansonato and Costa call spherical curves any curve on a totally umbilical
surface. Here, we shall only apply this terminology to curves that really lie on
a geodesic sphere.)
Theorem D (Pansonato and Costa [15]) Let Σ2 be a connected surface
on a three-dimensional space form M3, then Σ2 is totally umbilical if, and
only if, every closed curve α : I → Σ2 has a vanishing total torsion.
Remark 2 Interestingly, the above characterization remains valid if we replace
the total torsion,
∮
τ , by an integral
∮
f(κ)τ with f continuous [15,19].
In this context, the Darboux frame plays an important role. We may equip
α : I → Σ2 with the Darboux frame {t = α′,h, ξ}, where {t(s),h(s)} is a
positive basis for Tα(s)Σ and ξ the surface normal. The equation of motion is
∇t

 th
ξ

 =

 0 κg κn−κg 0 τg
−κn −τg 0



 th
ξ

 , (23)
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where κg and κn are the geodesic and normal curvatures of α inΣ, respectively,
while τg is the geodesic torsion. Notice that ξ minimizes rotation if, and only
if, τg vanishes. In particular, lines of curvature are given by τg = 0 (Lemma
1) and, consequently, Σ2 ⊂M3 is a totally umbilical surface if, and only if, τg
vanishes identically for every curve in Σ2. Denoting by θ the angle between
the principal normal n and the surface normal ξ, gives [15]
τg(s) = τ(s) + θ
′(s). (24)
Proceeding with the guiding philosophy of this work, we now furnish a
characterization of space forms in terms of the total torsion of closed curves. To
do that, we first need to remove the restriction on the ambient manifold in the
Theorem 3 of [15], where one assumesM admits a conformal parameterization.
This can be accomplished by imposing that the surface Σ is simply connected.
Lemma 2 Let Σ2 ⊂ M3 be an orientable and simply connected surface on
a three-dimensional connected Riemannian manifold M3. If every C3 closed
curve α : I → Σ2 has vanishing total torsion, then Σ2 is totally umbilical.
Proof Let α : I → Σ be a closed curve. Using the relation between the Frenet
and Darboux frames in Eq. (24), we have
0 =
∮
α
τ =
∮
α
τg −
∮
α
θ′ ⇒
∮
α
τg = 2npi, n ∈ Z, (25)
where we used that
∫
θ′ should be an integer multiple of 2pi since the surface
normal ξ and the curve principal normal n return to their initial position
(notice α(i)(so) = α
(i)(sf ), i = 1, 2, 3).
The Eq. (25) implies that
∮
α
τg does not vary under C
3 deformations of α.
Since Σ2 is simply connected, we can deform α and make it as close as we want
to a sufficiently small quadrilateral in Σ2 whose sides are lines of curvature.
Since τg vanishes for lines of curvature, we find n = 0 and, then,
∀α : I → Σ2,
∮
α
τg =
∮
α
〈−∇α′ ξ, (α
′)⊥〉 = 0, (26)
where {α′(s), (α′)⊥(s)} is a positive orthonormal basis of Tα(s)Σ
2. From Eq.
(26) it follows that for every α′(s) ∈ Tα(s)Σ we must have ∇α′ξ ⊥ (α
′)⊥.
Indeed, if it were 〈(∇X ξ)(p), X
⊥(p)〉 6= 0, X ∈ X(Σ), then by continuity every
closed curve around p would have τg > 0 (or τg < 0) and, then,
∮
τg 6= 0. This
contradicts Eq. (26). In other words, ∇α′ξ should be a multiple of α
′, i.e., ξ
minimizes rotation. The lemma then follows from Theorem 1. ⊓⊔
Theorem 6 Let M3 be a three-dimensional connected Riemannian manifold.
Then, M3 is a space form if, and only if, every closed curve α : I → G(p,R)
on a geodesic sphere, with a sufficiently small radius R, has a vanishing total
torsion.
Proof Since geodesic spheres on a space form are totally umbilical, the “only
if” part is already proved in Theorem 2 of [15]. The converse follows from
lemma 2, since geodesic spheres are simply connected. ⊓⊔
Characterization of manifolds of constant curvature by spherical curves 11
6 Semi-Riemannian space forms
One may naturally ask whether the characterizations of manifolds with con-
stant sectional curvature given here would remain valid in semi-Riemannian
spaces. We shall see below that this can be effectively done. As can be verified
in the previous sections, see e.g. proof of Lemma 1, the diagonalizability of the
shape operator was a crucial feature to employ RM vector fields as a tool. In
semi-Riemannian geometry too the shape operator is diagonalizable at an um-
bilical point and every non-lightlike direction is a principal direction (a vector
V 6= 0 on a semi-Riemannian manifold (Mm+1ν , 〈·, ·〉ν) with index ν may have
a causal character, i.e., it is timelike if 〈V, V 〉ν < 0, lightlike if 〈V, V 〉ν = 0,
and spacelike if 〈V, V 〉ν > 0 [14]).
It often happens in semi-Riemannian geometry that one should exclude
lightlike vectors/hyperplanes when defining geometric quantities. This is the
case for the sectional curvature, which is not defined for a lightlike plane [14], p.
229. In the following we only work with non-lightlike curves and hypersurfaces
having the same causal characterer in all their points (α(t) is lightlike when
α′(t) is lightlike for all t, i.e., α′ is normal to itself; and Σm is lightlike if the
induced metric is degenerate).
A normal vector field N minimizes rotation along a non-lightlike curve α
when ∇α′N and α
′ are parallel. Then, any RM frame {α′,n1, . . . ,nm} along
a non-lightlike curve α satisfies equations of motion similar to those found in
Lorentz-Minkowski space E31 [6]:
∇α′α
′ =
m∑
i=1
εiκini and ∇α′ni = εκiα
′, (27)
where εi = 〈ni,ni〉ν = ±1 and ε = 〈α
′, α′〉ν = ±1, i.e., +1 for spacelike vectors
and −1 for timelike ones. Now, we may extend previous Riemannian results
to our new context. The semi-Riemannian version of Theorem 1 is given by
Theorem 7 A non-lightlike and orientable hypersurface Σm ⊂ Mm+1ν is to-
tally umbilical if, and only if, its unit normal ξ minimizes rotation along any
non-lightlike regular curve α : I → Σm. In addition, along α it is valid the
equation
m∑
i=1
ε aiκi(s) = η H(α(s)), (28)
where H is the mean curvature of Σ, η = 〈ξ, ξ〉ν = ±1, and ε = 〈α
′, α′〉ν = ±1.
Proof The proof is similar to that of Theorem 1. We should only pay some
attention on the causal characters of the vector fields ξ and α′. Indeed, if ξ is
RM along any non-lightlike curve α, then we can write ξ =
∑
i aini for some
constants a1, . . . , am and, in addition,
∇α′ξ =
∑
i
ai∇α′ni = −
∑
i
aiεκiα
′ ⇒ κn(α
′) = ε
∑
i
aiκi. (29)
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The desired result then follows, since the mean curvature is H = η (
∑
i λi) /m,
where the λi’s are the eigenvalues of the shape operator −∇Xξ. ⊓⊔
In addition, the semi-Riemannian version of Theorem 4 is given by
Theorem 8 A non-lightlike and orientable hypersurface Σm ⊂ Mm+1ν is to-
tally umbilical if, and only if, for every non-lightlike regular C2 curve α : I →
Σm one has {
〈α′′, α′′〉ν ≥ ηH
2, if ∇Σα′α
′ is not timelike
〈α′′, α′′〉ν ≤ ηH
2, if ∇Σα′α
′ is not spacelike
, (30)
where H = H(s) is the mean curvature of Σ along α(s), η = 〈ξ, ξ〉ν = ±1,
α′′ = ∇α′α
′, and ∇Σ is the induced connection on Σ. In addition, equality
only holds when α is a geodesic.
Proof The proof is analogous to that of Theorem 4 once we notice that
α′′ = ∇Σα′α
′ + κnξ ⇒ 〈α
′′, α′′〉ν = 〈∇
Σ
α′α
′,∇Σα′α
′〉ν + κ
2
n〈ξ, ξ〉ν . (31)
⊓⊔
Remark 3 Recently, Theorem 4 was extended to spacelike spheres in Em+11
[11], i.e., the hyperbolic space in the hyperboloid model. Since in this con-
text one has 〈α′′, α′′〉 = κ2g − κ
2
n, a proof similar to that of Theorem 4 can
be provided to characterize totally umbilical spacelike hypersurfaces via the
inequality 〈α′′, α′′〉 ≥ −H2. This is a particular instance of Theorem 8 above.
We are finally able to provide a characterization of semi-Riemannian man-
ifolds with constant sectional curvature by applying to geodesic spheres the
two above results concerning totally umbilical hypersurfaces. Similarly to what
happens in Riemannian geometry, semi-Riemannian space forms can be char-
acterized by the umbilicity of their small geodesic spheres. Indeed, we have
Theorem 9 Let Mm+1ν be a connected semi-Riemannian manifold (m ≥ 2).
Then, Mm+1 is a space form if, and only if, every sufficiently small geodesic
sphere in Mm+1ν is totally umbilical.
Proof If every sufficiently small geodesic sphere in Mm+1ν is totally umbilical,
then a proof similar to that of Theorem 2 shows that Mm+1ν is a space form.
Conversely, let Mm+1ν be a semi-Riemannian manifold with constant sec-
tional curvature K. Then, M is locally isometric to a hyperquadric of Em+2ν :
S
m+1
ν (r) if K = r
−2; Em+1ν if K = 0; and H
m+1
ν (r) if K = −r
−2 [14]. As in
the Riemannian case, here we do the proof for this particular setting without
any loss of generality.
For Em+1ν , any hyperquadric Q of radius R with position vector q has
ξ = q/R as the unit normal. Then, any curve α : I → Q satisfies ∇α′ξ = α
′/R,
which means that ξ is RM along any curve and, therefore,Q is totally umbilical
(see [6], and references therein, for a further investigation of this fact in E31).
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In the other cases, the normal to a geodesic sphere G(p,R) can be built from
the tangents to the geodesics emanating from the center of the sphere, i.e.,
along a curve α(s) = expp(RV (s)) the unit normal is ξ =
∂
∂u
expp(uV (s))|u=R
(see the analogous construction on Sm+1(r) and Hm+1(r) in Ref. [7]).
A geodesic β(u) in Sm+1ν (r) = {p ∈ E
m+2
ν : 〈p, p〉ν = r
2} with initial
condition (p, V ) ∈ TSm+1ν (r) may be written as
β(u) = expp(uV ) = cos(
u
r
)p+ r sin(
u
r
)V, 〈V, V 〉ν = +1, (32)
if β is spacelike, or as
β(u) = expp(uV ) = cosh(
u
r
)p+ r sinh(
u
r
)V, 〈V, V 〉ν = −1, (33)
if β is timelike. It follows that a curve α : I → G(p,R) may be written as
α(s) = expp(RV (cs)), where V is a unit speed curve in TpS
m+1
ν (r) with (i) c =
[r sin(R/r)]−1 and 〈V ′, V ′〉ν = +1, if α is spacelike and (ii) c = [r sinh(R/r)]
−1
and 〈V ′, V ′〉ν = −1, if α is timelike. Notice, Eq. (32) [or Eq. (33)] should be
used when the unit normal ξ of G(p,R) is spacelike (or timelike, respectively).
Now we prove that ξ(s) = ∂
∂u
expp(uV (cs))|u=R is RM along α(s) =
expp(RV (cs)). If ξ is spacelike, then α
′(s) = c r sin(R
r
)V ′(cs) = V ′(cs) and
∇α′ξ = ∇α′
[
−
1
r
sin(
R
r
)p+ cos(
R
r
)V (cs)
]
= c cos(
R
r
)V ′(cs) =
1
r
cot(
R
r
)α′(s), (34)
where we used that for orthogonal fields X,Y ∈ X(Sm+1ν (r)) the (induced) co-
variant derivative ∇XY in S
m+1
ν (r) coincides with the usual covariant deriva-
tive DXY in E
m+1
ν : (DXY )(p) = (Y ◦ γ)
′(0), γ(0) = p and γ′(0) = X . On the
other hand, if ξ timelike, we may analogously find that
∇α′ξ =
1
r
coth(
R
r
)α′. (35)
In short, the unit normal of any geodesic sphere in Sm+1ν (r) minimizes rotation
and, consequently, the geodesic spheres of Sm+1ν (r) are totally umbilical.
Finally, similar computations can be performed on geodesic spheres of the
space form of negative curvature Hm+1ν (r) = {p ∈ E
m+2
ν+1 : 〈p, p〉ν+1 = −r
2}.
⊓⊔
Remark 4 Notice, we did not consider an extension of Theorem 6. We believe
this is a subtle subject, since a semi-Riemannian hypersurface may fail to
have a closed curve with the same causal character in all its point: e.g., in E31
there is no closed timelike curve [13]. In this respect, it would be necessary to
take into account curves with a changing causal character and, therefore, also
understand what happens with the curve torsion near lightlike points.
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